In this paper we analyze the accuracy and efficiency of several radiative transfer models for inferring cloud parameters from radiances measured by the Earth Polychromatic Imaging Camera (EPIC) on board the Deep Space Climate Observatory (DSCOVR). The radiative transfer models are the exact discrete ordinate and matrix operator methods with matrix exponential, and the approximate asymptotic and equivalent Lambertian cloud models. To deal with the computationally expensive radiative transfer calculations, several acceleration techniques such as, for example, the telescoping technique, the method of false discrete ordinate, the correlated k-distribution method and the principal component analysis (PCA) are used. We found that, for the EPIC oxygen A-band absorption channel at 764 nm, the exact models using the correlated k-distribution in conjunction with PCA yield an accuracy better than 1.5 % and a computation time of 18 s for radiance calculations at 5 viewing zenith angles.
Introduction
The Earth Polychromatic Imaging Camera (EPIC) on board the Deep Space Climate Observatory (DSCOVR) was designed to measure the atmosphere and surface properties over the whole sunlit face of the Earth from the Lagrange point L 1 (a gravity-neutral position at 1.5 × 10 6 km away from the Earth). DSCOVR is placed in a Lissajous orbit around the L 1 point, and provides a unique angular perspective at almost backward direction with scattering angles approximately between 168
• and 176
• (Fig.1) . EPIC scans the entire sunlit face of the Earth at a 2048 × 2048 pixel resolution, with a pixel size of 12 × 12 km 2 at the image center. The instrument has 10 spectral channels ranging from the ultraviolet to the near-infrared. Four of them are located in the oxygen A-and B-bands: two absorption channels centered at 688 nm and 764 nm with bandwidths of 0.8 nm and 1.0 nm, respectively, and two continuum channels centered at 680 nm and 780 nm with bandwidths of 3.0 nm and 2.0 nm (Table 1) . These channels are used for monitoring the vegetation condition [1] , the aerosol layer height and optical depth [2] , and the cloud height [3] .
The radiative transfer for retrieval of cloud parameters involves, in addition to cloud scattering and absorption, gas absorption and molecular Rayleigh scattering. Usually, it is necessary to consider spectral regions containing several overlapping lines with intensities varying over many orders of magnitude. An accurate method for computing the radiative transfer in a molecular atmosphere relies on line-by-line (LBL) calculations. However, LBL calculations are in most cases too computationally expensive to be used directly in online and even sometimes in offline retrieval algorithms. This prompts us to use exact or approximate radiative transfer models endowed with acceleration techniques. As approximate models, asymptotic [4] [5] [6] and equivalent Lambertian cloud models [7] [8] [9] are frequently used.
In the category of acceleration techniques we include here the correlated k-distribution method [10, 11] , the radiance sampling method [12] , the optimal spectral mapping method [13] and dimensionality reduction techniques. In the latter case, principal component analysis (PCA) is used to map the spectral radiances into a lower-dimensional subspace in which the inversion is performed [14, 15] , or to reduce the dimensionality of the optical properties [16] [17] [18] . In addition, the telescoping technique [19, 20] and the method of false discrete ordinate [21] [22] [23] [24] can be used to speed up radiative transfer calculations. For the EPIC instrument, the retrieval is more challenging due to the singular geometry of the radiative transfer problem. Given a particle with a certain size, the scattering phase function shows considerable structure and resonances. When averaged over a size distribution of an ensemble of particles, these features are almost smoothed out, but they are still present in Table 1 : Description of EPIC channels, adapted from EPIC's main website (https://epic.gsfc.nasa.gov/epic). , and in the rainbow region, at around 140
• [25] . For an accurate description of the specific features of the single scattering properties in the backward direction, a large number of discrete ordinates is required, even when the delta-M method [26] is used.
The aim of this paper is to analyze the accuracy and efficiency of several radiative transfer models in regard to their applicability to the retrieval of cloud parameters from EPIC measurements. The radiative transfer models, relying on the matrix exponential formalism and endowed with acceleration techniques, include the exact discrete ordinate and matrix operator methods, as well as the approximate asymptotic and equivalent Lambertian cloud models. By "exact" methods, we mean those models used as the starting point to design approximate models by imposing further assumptions.
The paper is organized as follows. In Section 2 we present the exact and approximate radiative transfer models. In Section 3 we summarize the acceleration techniques, focusing on the description of a combined method incorporating the correlated k-distribution and PCA. In Section 4 we analyze the accuracy and efficiency of the radiative transfer models for simulated EPIC measurements in the oxygen A-band absorption channel. Conclusions are formulated in Section 5. Some specific features of the radiative transfer models are outlined in the appendices. Here, we give the main computation formulas of the discrete ordinate and matrix operator methods with matrix exponential, justify the equivalent Lambertian cloud model, and describe the telescoping technique.
Radiative transfer models
The radiative transfer equation for the diffuse radiance I(r, Ω) at point r and in the direction Ω = (µ, ϕ) reads as
where σ ext and σ sct are the extinction and scattering coefficients, respectively, F 0 is the incident solar flux, P the scattering phase function, Ω 0 = (−µ 0 , ϕ 0 ) with µ 0 > 0 the incident solar direction, and τ 0 ext (|r − r TOA |) the solar optical depth between a generic point r and the characteristic point at the top of the atmosphere r TOA in a spherical atmosphere. The formalism is pseudo-spherical, i.e. the multiple-scattering is treated in a plane-parallel atmosphere, while the solar-beam attenuation is computed in a spherical atmosphere [27] . For the phase function P, we consider the conventional expansion in terms of normalized Legendre polynomials P n , i.e. P(r, Ω, Ω ) = P(r, cos Θ) = ∞ n=0 c n χ n (r) P n (cos Θ), (2) where c n = √ (2n + 1) /2 and cos Θ = Ω · Ω . The radiative transfer equation (1) is subject to the top-of-atmosphere boundary condition (r = r TOA ),
and the surface boundary condition (r = r s ),
where A and ρ are the surface albedo and the normalized bidirectional reflection function, respectively, and the notations Ω
+
and Ω − stand for upward and downward directions, respectively.
In the discrete ordinate method, we assume a cosineazimuthal expansion of the diffuse radiance (ϕ 0 = 0),
and for each azimuthal component I m (r, µ) we discretize the radiative transfer equation in the angular domain by considering a set of Gauss-Legendre quadrature points and weights
in the interval (0, 1); thus, M is the number of discrete ordinates per hemisphere. The atmosphere is discretized in N levels: r 1 = r TOA > r 2 > . . . > r N = r s , and a layer j, bounded above by the level r j and below by the level r j+1 , has the geometrical thickness r j = r j − r j+1 . The extinction and scattering coefficients as well as the phase function coefficients are assumed to be constant within each layer; their average values in layer j are σ ext j , σ sct j and χ n j , respectively. Also, we must require the intensity to be continuous across the layer interfaces. In layer j, we are led to the linear system of differential equations
where (the abbreviation "not" stands for a notation definition)
Illustration of DOME (a), the conventional matrix operator method (b), and MOME (c).
is the radiance vector in the discrete-ordinate space, and
where
are the azimuthal expansion coefficients of the phase functions.
In the following we describe the exact and approximate radiative transfer models for the retrieval of cloud parameters.
Discrete ordinate method with matrix exponential
The Discrete Ordinate method with Matrix Exponential (DOME) [20, 28] is illustrated in Fig.2a . The method relies on the layer equation, which relates the level values of the radiance
The layer equation together with the boundary conditions at the top and the bottom of the atmosphere, i.e. (cf. (3))
and (cf. (4)) i
with
respectively, are assembled into the global matrix A m of the entire atmosphere, and the solution of the resulting system of equations A m i m = b m yields the level values of the radiance field. In (16) and (17), ρ m are the azimuthal expansion coefficients of the normalized bi-directional reflection function, i.e.
for Ω = (µ, ϕ) and Ω = (−µ , ϕ ) with µ, µ > 0. The matrix A m of dimension 2MN ×2MN has 3M −1 sub-and super-diagonals and it may be compressed into band-storage and then inverted using, for example, the LU factorization. The layer quantities A The Padé approximation to the matrix exponential is less timeconsuming than the eigendecomposition method, but it is only applicable to optically thin layers, for which the condition ||A m j r j || ≤ 1 is satisfied. In practice, if ||A m j r j || 1 ≤ 1, the matrix exponential is computed by means of the Padé approximation; otherwise, the eigendecomposition method is used. By this procedure, the computation speed is enhanced.
Matrix operator method with matrix exponential
The Matrix Operator method with Matrix Exponential (MOME) is a combination of the conventional matrix operator method, e.g. [21] , and the discrete ordinate method with matrix exponential. The method is dedicated to modeling the radiative transfer in a molecular atmosphere containing a homogeneous cloud placed between the top level r j min and the bottom level r j max +1 . Note that the cloud homogeneity assumption is only required by the approximate models (in particular, by the asymptotic model) to be introduced in the next subsection.
Before describing MOME, we briefly review the basic concepts of the conventional matrix operator method. The method, which is illustrated in Fig. 2b , uses the interaction principle equation
where R m j and T m j are the reflection and transmission matrices of layer j, and Σ ± m j is the source vector. As in DOME, R m j , T m j and Σ m j are given in terms of the exponential of the layer matrix A m j ; their expressions computed by using the matrix eigendecomposition method and the Padé approximation are given in Appendix B. The computation process is an upward recurrence over the atmospheric layers, and uses the concept of a "stack" [29] . The stack j + 1, i.e. the group of contiguous layers bounded above by the level r j+1 and below by the surface level r N , is characterized by the reflection matrix R m j+1 and the reflection vector r m j+1 , so that the interaction principle equation for the stack j + 1 reads as
From (19) and (20), we obtain the interaction principle equation for stack j , i.e. the group of contiguous layers bounded above by the level r j and below by the surface level r N ,
where R m j and r m j are computed by using the adding formulas
The procedure is initialized with (15) and it is repeated until the last layer is added to the stack. In the matrix operator method, the dimension of the problem is small, because the dimension of the matrices that have to be inverted is 2M × 2M. In spite of this fact, its efficiency is reduced because of the considerable number of matrix inversions and matrix multiplications required by the adding algorithm. Another disadvantage is that the computation of the radiance in an arbitrary viewing direction by the source function integration method requires the storage of the reflection and transmission matrices of all individual layers. Alternatively, and to keep the memory usage low, we may interpolate the radiance field in the discrete ordinate space by cubic splines, or we may use the method of false discrete ordinate (see Section 2.3).
The combined model MOME, which is illustrated in Fig.2c , involves two computation steps:
1. compute the reflection matrix R m j min and the reflection vector r m j min of stack j min (containing all layers below the cloud top height) in the framework of the conventional matrix operator method; 2. compute the level values of the radiance i m j for 1 ≤ j ≤ j min , in the framework of the discrete ordinate method with matrix exponential, by using as surface boundary condition the interaction principle equation
Taking this model as a starting point, several approximate and less time-consuming models have been designed. These are described in the next subsection.
Approximate models
The approximate models are based on some preliminary simplifications which we now describe. Firstly, the atmosphere below the cloud bottom height is replaced by an equivalent Lambertian surface. The resulting model corresponding to a cloud with an underlying Lambertian surface can be summarized as follows:
1. for the azimuthal mode m = 0, compute the reflection matrix R m j max +1 and the reflection vector r m j max +1 of stack j max containing all layers below the cloud bottom height; 2. compute the spherical albedo at the cloud bottom
to initialize the adding procedure for computing the reflection matrix R m j min and the reflection vector r m j min of stack j min containing all layers below the cloud top height; 4. compute the radiance field of the atmosphere above the cloud top height using as surface boundary condition the interaction principle equation (24) .
Secondly, the atmosphere within the cloud (between the layers j min and j max ) is homogenized. The equivalent homogeneous layer j min is characterized by The resulting model, corresponding to a homogeneous cloud layer with an underlying Lambertian surface and being illustrated in Fig. 3a , requires only one adding step. The homogenization accounts for the scattering and absorption in the cloud, the Rayleigh scattering, as well as the gas absorption between the layers j min and j max . Strictly speaking, the equivalent homogeneous extinction coefficient σ hom ext j min should be computed, for example, by minimizing the mismatch between the radiance corresponding to an inhomogeneous atmosphere within the cloud and the radiance corresponding to a homogeneous atmosphere. Although the homogenization formula (29) is a potential source of error (especially for strong gas absorption), it has been adopted in our analysis because of its simplicity.
We come now to the first approximate model. When the optical thickness is sufficiently large, the reflection and transmission matrices R m j min and T m j min in (22) and (23) can be expressed by simple analytical expressions deriving from the asymptotic theory of thick layers. In the classical asymptotic theory, the reflection and transmission matrices for optically thick layers are given by (we omit the dependency on the layer index j min ) [30] 
and
are the discrete-ordinate approximations of the reflection and transmission functions of the homogeneous layer R m (µ, µ ) and
is the discreteordinate approximation of the reflection function of a semi-infinite atmosphere (31) and (32), k = λ M is the diffusion exponent describing the attenuation of the radiation in the diffusion domain, λ M is the smallest eigenvalue of the layer matrix A m , τ is the optical thickness of the homogeneous layer, m and l are the constants defined in [30] , and k 0M is a discrete-ordinate approximation of the escape function K(µ). From (31) and (32) we see that R m depends on the azimuthal index m through the reflection matrix of a semi-infinite atmosphere R ∞m , while T m is azimuthally independent (it depends only on the azimuthal mode m = 0). A discrete-ordinate model for computing R m and T m , and so R m and T m , is described in [31] . In this model, the azimuthal independent parts of R m and T m are derived by neglecting the azimuthal modes m > 0, and the contributions of the terms corresponding to eigenvalues larger than the smallest eigenvalue λ M of A m . A more accurate asymptotic model, the so-called P-order asymptotic model, has been introduced in [32] . This model accounts for all azimuthal modes m, and the contributions of the terms corresponding to eigenvalues
where P is the order of approximation. The case P = 0 corresponds in some sense to the classical asymptotic model, as it accounts for all azimuthal modes m. It should be pointed out that, in the classical asymptotic theory, the computation of the reflection and transmission matrices can be speeded up by using parametrizations of the constants and functions appearing in (31) and (32) [32, 33] . In our numerical analysis we are mainly concerned about the accuracy of the approximate models and, for this reason, we do not use any parametrization in (31) and (32); we simulate a P-order asymptotic model by simply setting
in place of (60) in Appendix B.
The second approximate model to be discussed is the Equivalent Lambertian Cloud (ELC) model (see Fig.3b ). In the ELC model, the atmosphere below the cloud top height is replaced by an equivalent Lambertian surface with a ground albedo equal to the spherical albedo of the atmosphere. The mathematical background of the ELC model is discussed in Appendix C. In the framework of MOME, this model can be simulated as follows:
1. for the azimuthal mode m = 0, compute the reflection matrix R m j min and the reflection vector r m j min of stack j min containing all layers below the cloud top height; 2. compute the spherical albedo at the cloud top
3. compute the radiance field of the atmosphere above the cloud top height by using the surface boundary condition
The ELC model ensures the conservation of radiative flux if the plane albedo r(µ) is almost constant with respect to µ. Note that in a discrete-ordinate setting, the plane albedo r(µ) is modeled by the plane albedo vector r = R m j min 1.
Acceleration techniques
In addition to the Padé approximation, the standard delta-M method [11] , which expands the original phase function into a delta-function forward peak plus a new less anisotropic phase function, and the truncated-plus-single-scattering (TMS) method [34] , several acceleration techniques are implemented in the radiative transfer models. These are summarized below.
The telescoping technique
The telescoping technique relies on the following result [19, 20] : For an atmosphere consisting of gas molecules (Rayleigh layers) and a group of contiguous cloud layers, the azimuthal expansion coefficients of the phase functions p m j vanish for all m > 2, and all Rayleigh layers j. Consequently, the layer matrix A m j becomes a diagonal matrix and the layer vector b m j vanishes. The main idea of the telescoping technique is to solve a reduced boundary-value problem for the cloud layers, and to compute the radiances at the remaining levels recursively by means of the extinction law. The telescoping technique for DOME and MOME is outlined in Appendix D.
The method of false discrete ordinate
The method of false discrete ordinate has been discussed in connection with the matrix operator method in [21] [22] [23] and the discrete ordinate method with matrix exponential in [24] . For a single viewing direction, an additional stream (directional cosine) is introduced as an extra Gaussian quadrature point with zero weight. The upward radiance at the false discrete ordinate is exactly the upward radiance in the direction of the line of sight computed by the source function integration method. The method of false discrete ordinate eliminates the source function integration step, but increases the dimension of the layer equation. As a result, for applications involving one or two viewing zenith angles, the method of false discrete ordinate does not increase significantly the computation time of the forward model.
3.3.
The correlated k-distribution method and the PCA technique The correlated k-distribution method [10] involves grouping spectral intervals according to absorption coefficient strength, while PCA is used here as a dimensionality reduction technique of the optical properties [16] [17] [18] . Although these methods have been applied separately in the literature, they can work together. To show this, we briefly summarize their basic concepts.
Let g(λ) be the slit function of the instrument, s the slit width, and {λ k }
where λ is the discretization step. The signal received by the instrument is the convolution of the slit function and the monochromatic radiance, and can be approximated by
As gas absorption has greater spectral variation than molecular and particulate scattering, we may write I(λ) = I(σ gas abs (λ)). The most accurate method for computing the integral in (33) involves a detailed line-by-line (LBL) calculation of the gas absorption coefficient versus wavelength. On the other hand, the correlated k-distribution method is based on the observation that, for a homogeneous atmosphere, the transmission within a spectral interval is independent of the LBL variation of the gas absorption coefficient σ gas abs with respect to the wavelength λ, but depends only on the distribution of σ gas abs within the interval [35] . In this regard, let F = F(σ gas absk ) be the cumulative density function of σ gas abs (λ) in the spectral interval [λ k − λ/2, λ k + λ/2], and σ gas absk (F) the quantile function or the inverse distribution function. The signal received by the instrument can then be computed as
where (F l , ω l ) are a set of N c quadrature points and weights within the interval [0, 1]. The σ gas absk (F l ) can be computed by inverting the cumulative density functions of the LBL gas absorption coefficients or, in the case of the "exponential-sum fitting of transmittance" method [11] , by solving a nonlinear least squares problem of dimension N c × M. Let us define a new set of wavelengths {λ p } N λ p=1 and weights {ω p } N λ p=1 with N λ = N λ N c , through the relations λ p = λ k and ω p = λ ω l , where p = l + (k − 1) N c for k = 1, . . . , N λ , l = 1, . . . , N c , and set accordingly σ gas abs (λ p ) = σ gas absk (F l ). Note that {λ p } N λ p=1 contains N λ groups of N c identical wavelengths. By this construction, (34) becomes
and it is apparent that (35) is a quadrature rule for (33) in the case of the correlated k-distribution method.
We come now to the PCA technique. A general approximate model for computing the radiance I at the wavelength λ is of the form
where I a is the radiance computed by an approximate radiative transfer model, and f I is a correction factor. An efficient and accurate method for computing the radiance correction factor f I (λ) has been given by Natraj et al. [16, 17] . This approach, which increases the computational efficiency of the radiative transfer calculations in an absorbing and scattering atmosphere, has the following attributes:
1. The exact model is the multi-stream DOME model, while the approximate model is a two-stream version of DOME, in which the eigenvalues and the eigenvectors of the layer matrix are computed analytically, and the system of equations for the entire atmosphere is solved by means of a pentadiagonal linear algebra solver. 2. The principal component analysis (PCA) is used to reduce the dimensionality of the optical parameters of the atmospheric system. In particular, PCA is performed on the logarithms of the layer values of the gas absorption coefficient ln σ gas abs (λ) and the molecular scattering coefficient ln σ mol sct (λ); for each λ k , k = 1, . . . N λ , we define the (2N − 2)-dimensional vector
. . , N − 1, so that the wavelength variability of the optical parameters is encapsulated in x k . 3. The dependency of the correction factor on the optical parameters is modeled by a second-order Taylor expansion about the mean value of the optical parameters.
Parenthetically, we note that in [18] the PCA-based radiative transfer model of Natraj et al. [16, 17] has been generalized to include several dimensionality reduction techniques as, for example, linear embedding methods and discrete orthogonal transforms. The PCA formalism remains valid if instead of the set {λ k } N λ k=1 we consider the set {λ p } N λ p=1 of the correlated k-distribution method (the wavelength variability is encapsulated in x(λ p )). This claim is checked in the next section.
Numerical simulations
In this section we analyze the accuracy and efficiency of the exact and approximate radiative transfer models in the oxygen (O 2 ) A-band absorption channel at 764 nm (channel 9 of the EPIC instrument). For this purpose, simulations are performed for a water-cloud model with a Gamma size distribution
with parameters a mod = 8 µm and α = 6. The droplet size ranges between 0.02 and 50.0 µm. The cloud top height is h t = 4 km, and the cloud geometrical thickness h is chosen as . The O 2 absorption cross sections are computed by using LBL calculations [37] with optimized rational approximations for the Voigt line profile [38] . The wavenumber grid point spacing is chosen as a fraction (e.g. 1/4) of the minimum half-width of the Voigt lines taken from HITRAN database [39] . The Rayleigh crosssections and depolarization ratios are computed as in [40] , while the pressure and temperature profiles correspond to the US standard model atmosphere [41] , and this atmosphere is considered free of aerosols. The radiances are solar-flux normalized, and are computed by means of the delta-M approximation in conjunction with the TMS correction. If not stated otherwise the simulations are based on LBL calculations. The instrument spectral response functions (ISRF) for the different EPIC channels are available from NASA public servers. 
Exact models
In Fig. 4 we show the DOME radiances as functions of the cloud optical thickness τ c and for different values of the viewing zenith angle θ. The simulations are performed by using a large number of discrete ordinates, namely M = 128. The plots show that, for a fixed value of θ, the radiance is an increasing function of τ c . The reason is that the multiple-scattering contribution, which is an increasing function of τ c , dominates the Figure 4 : Reference DOME radiances as functions of τ c for M = 128. In the y-axis, [n.u.] stands for normalized units.
single-scattering contribution, which is a decreasing function of τ c . Moreover, for a fixed value of τ c , the radiances decrease as the viewing zenith angle θ increases (if θ increases, the path through the atmosphere increases, the amount of oxygen absorption increases, and so, the single-scattering contribution decreases). These results are taken as the "exact" reference values for the rest of the simulations that follow.
In Fig. 5 we illustrate the relative errors in DOME radiances for different values of the number of discrete ordinates M. The plots show that, for a fixed value of θ, the absolute values of the relative errors decrease with τ c . The reason is that, now, the relative error in the single-scattering contribution dominates the relative error in the multiple-scattering contribution. The results in Fig.5 can be summarized as follows: The computation times for these simulations are given in Table 2. Note that the simulations were performed on a server Intel(R) Xeon(R) CPU E5-2695 v3 @ 2.30 GHz using up to 56 threads, and that the computation times in Table 2 correspond to the accumulated time over all threads. Thus, even though the delta-M scaling is used, an accurate description of the backscattering region requires M ≥ 48, although a compromise between speed and accuracy can be reached by the choice 24 ≤ M ≤ 32. Note also that for M ≥ 24 more than 30 azimuthal modes are required to reach convergence with an accuracy of 10 −6
. Fig.6 illustrates the relative errors in MOME radiances using DOME as a reference. Taking into account that the relative errors are smaller than 5 · 10 −4 , and that the MOME computation user time is 1660 minutes for M = 32, we infer that DOME and MOME yield similar results from the point of view of accuracy and efficiency. Figure 5 : Relative errors in DOME radiances as functions of τ c and for different values of M. Figure 6 : Relative errors in MOME radiances with respect to DOME radiances for M = 32. 
Relative errors in radiances as functions of τ c when using the approximate models. The results correspond to M = 32 (top panels) and M = 64 (bottom panels), and are computed by using the fourth-order asymptotic model, the zeroth-order asymptotic model and the ELC model.
Approximate models
The relative errors of the asymptotic (fourth-and zerothorder) and ELC models are shown in Fig.7 . A general finding is that an increase of the number of discrete ordinates does not significantly improve the accuracy of the results; a real improvement is apparent only for the fourth-order asymptotic model. The relative errors of the fourth-order asymptotic model are smaller than 0.02 for τ c ≥ 10, and smaller than 0.04 for τ c < 10. For the zeroth-order asymptotic model, the relative errors have a similar behaviour when τ c ≥ 10, but they can reach 0.24 when τ c < 10.
The relative errors of the ELC model are excessively large; they can reach 0.4 for small τ c , and are 0.1 for large τ c . The main reason for this is that the plane albedo r(µ) varies significantly with µ, and so, the radiative flux is not conserved (Fig.8) . Note that, even in the limit of large τ c , the flux conservation does not imply an accurate description of the radiance field (the radiative flux description involves only the azimuthal mode m = 0). Also note that the spherical albedo A ct changes with τ c , a fact which contradicts the common assumption of a constant cloud albedo [9] . The following result is a consequence of the low accuracy of the ELC model. Let I(A ct0 , h t0 ) be the radiance computed by an exact model corresponding to a cloud with top height h t0 and a spherical albedo A ct0 = A ct0 (τ c0 , h t0 ), where τ c0 is the optical thickness. Further, let h t solve the minimization problem
where I ELC (A ct0 , h t ) is the radiance computed by the ELC model. The minimizer h t that yields a small residual, and so, an acceptable accuracy, is different from h t0 . Thus, the physical significance of the cloud top height is lost. Table 4 : Computation times in seconds for the approximate models using the combined correlated k-distribution plus PCA technique. The simulations correspond to the same scenario as in Fig.9 . 
Acceleration techniques
In Fig. 9 we illustrate the relative errors in DOME radiances when LBL calculations are replaced with the correlated k-distribution method, the PCA technique, and the combined correlated k-distribution plus PCA method. The corresponding computation times are given in Table 3 . Note that almost identical relative errors and computation times are obtained for MOME (not shown here). The general observation is that the relative error curves are practically unchanged when these acceleration techniques are used. The computation time using the combined correlated k-distribution plus PCA method is 5 times smaller than that for the PCA technique alone, and 40 times smaller than that for the correlated k-distribution method alone. Taking into account that the results in Table 3 correspond to 16 values of τ c , the average time to simultaneously compute the radiances at 5 viewing zenith angles is 17.8 seconds.
In Table 4 we show the computation times of the approximate models using the combined correlated k-distribution plus PCA method. As in Fig. 9 , the radiances are computed for 16 values of τ c and at 5 viewing zenith angles. Note that the relative error curves are very similar to those plotted in the top panels of Fig.7 (for M = 32). The conclusion is that the computation times of the approximate models are lower, but not significantly lower than those of DOME.
Conclusions
We analyzed several radiative transfer models which can be used for the retrieval of cloud parameters from EPIC measurements. The radiative transfer models are the exact DOME and MOME models, and the approximate asymptotic and equivalent Lambertian cloud models. MOME is a combination of the conventional matrix operator method and DOME. Essentially, the matrix exponential formalism enabled us to combine the two methods in a simple way and to introduce the higher-order asymptotic and equivalent Lambertian cloud models in a natural manner. The radiative transfer models used several acceleration techniques such as the Padé approximation, the telescoping technique, the method of false discrete ordinate, the correlated k-distribution method and the PCA technique. We computed the radiances also by combining the correlated k-distribution method with the PCA technique.
We analyzed the accuracy and efficiency of the radiative transfer models when simulating radiances for the channel 9 of the EPIC instrument. In summary, the following conclusions can be drawn:
1. The exact DOME and MOME models using correlated k-distribution in conjunction with PCA yield an accuracy better than 0.015 and a computation time of approximately 18 seconds for radiance calculations at 5 viewing zenith angles. 2. The approximate models are slightly more efficient than the exact models but their accuracy leaves much to be desired. In particular, the relative errors of the zeroth-order asymptotic model are large for cloud optical thicknesses smaller than 10, while the relative errors of the ELC model are large for all cloud optical thicknesses.
Thus, it appears that the exact DOME and MOME models could fulfill the accuracy and efficiency requirements of an offline processor for retrieval of cloud parameters from EPIC measurements. For online (i.e. operational) retrieval algorithms, the inversion is frequently performed by using look-up table (LUT) approaches [4, 5, 42, 43] . The size of such a LUT is extremely large, and so the time for computing a LUT by using exact radiative transfer models is normally too high. Even though the inversion is performed by neural network techniques [7, 8, 44] , the time for neural network training by using exact radiative transfer models is high. In this regard, the above radiative transfer models are an efficient tool for LUTs computation and neural network training.
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Appendix A
In this appendix we give the expressions for the layer quantities A The eigendecomposition method for computing the matrix exponential is based on a spectral decomposition of the matrix A m j given by (8) . This can be obtained by one of the following methods: direct decomposition of an asymmetric matrix [45] , square-root decomposition [46] , and Cholesky decomposition [47] . Here, we use the direct decomposition method. Exploiting the block symmetry of A m j , we find
Note that
ing to the eigenvalue λ k , and
 are the right eigenvectors of A m j corresponding to the eigenvalue −λ k . As a result, the layer matrices can be expressed in compact form as
where the diagonal scaling matrices D 
. The layer vector is computed as
where, in the secant approximation of the solar beam, the diagonal scaling matrix B m j is given by
In (48) and (49), τ 0 ext j and τ 0 ext j+1 are the solar optical depths at the boundary levels j and j + 1, respectively.
In the first-order Padé approximation to the matrix exponential, the layer equation reads as
where B m j is now given by
Appendix B
In this appendix we give the expressions of R m j , T m j and Σ m j in (19) computed by the eigendecomposition method and the Padé approximation.
The reflection and transmission matrices of layer j can be derived by representing the layer equation (13) as
from which we find that 
By inspection of (57) and (58) it is apparent that the computation of R m j , T m j and Σ m j requires an inversion and a multiplication of matrices of dimension 2M × 2M. Other methods in which the computation of R m j and T m j can be halved in order are discussed in [32] .
In the first-order Padé approximation to the matrix exponential, we have is the plane albedo of the atmosphere below the cloud. Let us assume that the plane albedo r(µ) is almost constant with respect to µ, so that we can write r(µ) = r 0 . Then, the spherical albedo of the atmosphere below the cloud is
and the upward flux is
The upward flux given by (67) is that of a Lambertian surface with a ground albedo equal to the spherical albedo A ct . By replacing the atmosphere below the cloud by a Lambertian surface with the reflection function R m (µ, µ ) = A ct δ m0 , we try to ensure the conservation of radiative flux. However, this is possible only when the plane albedo r(µ) does not vary significantly with µ.
Appendix D
In this appendix we describe the telescoping technique for DOME and MOME.
Let us make the assumption that for all layers j, with j < j min and j > j max , and all azimuthal modes m > 2, the azimuthal expansion coefficients of the phase functions vanish. In this case, A m j is a diagonal matrix, 
R m j max +1 = T R mN T,
r m j max +1 = T r mN ,
respectively; 2. set i
